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Knots, Symmetry, and Scattering

Omar Manuar and Dwight L. Jaggareellow, IEEE

Abstract—We investigate the physics underlying the scattering
of circularly polarized plane waves from a toroidal knot and re-
lated unknot. We find that backscattering along the axis of rota-
tional symmetry from trefoil knots is cross polarized; copolarized
backscatter is in the numerical noise. In contrast, untrefoils give
appreciable backscattering cross sections for both polarizations.
We also study an intermediate class of structuresmorphs which
provides a geometrical bridge between trefoil and untrefoil.

We pursue physical insight for the depolarization associated
with asymmetric objects, tracing the connection from the induced
charge distribution, to the induced moments, to the polarization
of the backscattered field.

Index Terms—Electromagnetic scattering, knots, symmetry, ) ) ) )
topology. Fig. 1. We illustrate the change in geometry that accompanies a crossing
switch from trefoil to untrefoil: trefoil (top left), two intermediate morphs (top
right and bottom left), and associated untrefoil (bottom right). Not shown is

I. INTRODUCTION the circular, planar loop.

AC [1] introduced the question of whether the shape of . .
a bell could be heard within its ringing. Similarly, we It has been shown mathematically [5] that structures with

wonder whether topology will imprint a characteristic Signépss—than three-fold rotational symmetry change backscattered

ture on scattered electromagnetic waves. In particular, we égﬂariza_ltior?. Here, we focus on physical insight linking shape
whether the backscattering cross sections from two topolo{;‘?—POIar'zat'on' We use the planar loop to set up a framework, re-
cally distinct objects are different [2]. ating the charge distribution through the induced electric dipole

We use the symmetric trefoil, a simple toroidal knot, and forfioment to polarization. Then we discuss the trefoil, untrefoil,
a geometrically similar unknot, termed the untrefoil, shown iAnd Morphs, calculating the electric dipole, magnetic dipole, and
Fig. 1. We calculate the backscattering differential cross sectiBlfCtric quadrupole. We also calculate the backscattering cross
along the axis of rotational symmetry of the trefoil (and analggctions from these moments, indicating relative importance.
gous axis for the untrefoil) for linearly and circularly polarized
plane waves, focussing on the latter. Il. SYSTEM AND CALCULATIONS

The copolarized cross section distinguishes between the sym-knots Studied
metric trefoil and the untrefoil [4]. From the trefoil it is numer-
ically 25 to 30 orders of magnitude smaller than cross-polar-

ized version. Such extremely small humbers would probath . )
%%metry of the unknot. We use it to physically relate the polar-

be undetectable and are consistent with the theoretical abs ; fthe backscattering back to the induced ch distrib
of polarization change—we consider it numerical noise. Untrgation oTIne backscatiering back 1o the induced charge distribu-
. This loop is continuously rotationally symmetric, the axis

foils, however, produce co- and cross-polarized backscattering " | o 7 o .
viding a natural direction for scattering investigations. It is

values comparable to each other and to the cross-polarized'te- . ;
sults for the trefoils, Fig. 2. We find that all morphs examinetf ated to the trefoil by symmetry and the untrefoil by topology.
' IA trefoil is of low knottedness: a single crossing switch

here, whether knotted or unknotted, give significant baCkscatt%anges it into an unkntand it is a knot because it cannot

. C
of both polarizations. ; ;
P become an unknot without at least one crossing chargech

We briefly describe the knots and unknots used and their rela-
nships to each other. The circular planar loop is the simplest
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a switch can be seen in the series of structures in Fig;, 1
they range from our standard trefoil to its related untrefoil.
The trefoil is an example of a class of toroidal knots that
can exist in an N-fold rotationally symmetric form. Here we
choose three-fold symmetric versions as archetypal trefoils.
Trefoils have topologically distinct mirror images; we don't 10'20 loop trefoil
distinguish between them because switching the handedness of /

both the knot and the incident radiation gives the same effect. 230
In order to disentangle effects of topology and geometry, we 10 ¢
also study a geometrically closely related unknot that we term

an untrefoil. This is the geometry we obtained by switching 10°
a single knot crossing to unknot the trefoil; it retains much

of the trefoil geometry, differing only in the region near the 10 ; — .
crossing, as defined in the projection. The untrefoil and planar S
loop are topologically equivalent, being different geometric -10

forms of the unknot, but the untrefoil as defined must always be 10 loop trefoil /
asymmetric. We also examine hybrids of trefoils and untrefoils, 20 untrefoil morph
termedmorphs that demonstrate the geometries that can occur 10
as a trefoil is changed into an untrefoil by switching a crossing.

Some morphs are knotted, being trefoils topologically, but all 10-30
are asymmetric like the untrefoils.

morph untrefoil

40
B. Backscattering Calculations 10 4 2 4 6 8 10

We consider knots and unknots that are formed of a thin (with
a constant length to width ratio chosen in tt@—-10° range), Fig- 2. Copolarized (top) and cross-polarized (bottom) backscatter
fectly conducting wire. The incident radiation is a monochrcross-sectlons as a function of normalized length, for the trefoil, untrefoil,
per . y g e A %Tanar loop, and morph for incident left circularly polarized radiation.
matic, circularly polarized plane wave with wave vedtgy. L

z. The knot is at the origin and the rotational symmetry axis is kg
parallel to thez-axis, Fig. 3. A
We use the time-harmonic Maxwell equations and solve for ,

the induced current and charge numerically using the method of Incident wave u

moments (MoM) [5]. An important point is to preserve existing s Scattered wave
symmetry when dividing the structure into segments. From the “

incident radiation with polarizatiog, traveling along direction k;

n, we calculate the scattered electric field and the differential , 5 >

scattering cross section, [6], [7]

Knot or Unknot
do . . . .
d—Q(nve;n()veO)

B r?|e* o E.|?
N |é* .Einc|2

(1)
Fig. 3. Typical geometry of backscattering from knot and unknots. Kere

L . o ein . . andk, are the incident and scattered wavevectors, respectively.
of the scattered radiation with polarizatiémlong the direction P y

n normalized by the power of the incident radiation.

The copolarized backscattering in Fig. 2 shows two groups.
The planar loops and trefoils fall in one category, giving only For physical insight, we follow the path from incident to
cross-polarized backscatter with co-polarization being in tiseattered radiation. The incident field induces a time-harmonic
noise. The untrefoils and both knotted and unknotted morpéisarge distribution that can be described by its moments, each
fall into the other, giving both co- and cross-polarized backscadiating its own contribution to backscattering.
tering. These groups are distinguished by the lack or presence dilumerical calculations yield the time-harmonic induced cur-
rotational symmetry. We now turn to physical reasons for thesent and charge distributions. We include the harmonic time-de-
polarization differences. pendence and evaluate at tirh@nd use the real part for the

physical charge distribution;(x,t) = Re{oo(x)e !}, We
choose times over a cycle of the incident field, obtaining “snap-
shots.”

4An example parametrization of the trefoil in spherical coordinates is Plotting the value of the charge distribution along thaxis
(4s7/3),8 = (7/2) + Ccos(2sm),p = 2 — sin(2s7) + .3sin?(2s7) +  With the loop in the plane gives a charge distribution on a loop

sin*(w (s — (1/4)) wheres is the parametric coordinate and tids a constant that rotates as a unit with constant frequency and magnitude,
determining flatness. Equations for the other structures are similar. An important

point not part of the equations is to preserve existing symmetry when dividif§ - & CirCUIa”Y rptating dipole (not shown). The ?lecmc Qipole
the structure into segments. moment for this is in the plane of the loop and aligned with the

I1l. THE PLANAR LOOP
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semi-major axis. It has the same angular frequency as the ir
dent electric vector. Constant magnitude yields circular rotatic

Circularly rotating dipoles can be decomposed into tw
linearly oscillating electric dipoles of equal magnitudes ii -
phase quadrature. Perpendicular to the plane, these dipc”
give far-zone fields that are plane waves with electric vecta
parallel to the dipoles. This produces an outgoing circular
polarized wave along the axis of rotation and the opposi
circular polarization in the backscattering direction.

So for planar loops, the backscattering polarization is close
related to the motion of the induced charge distribution and ele
tric dipole moment. We infer that backscattering of both pc
larizations is radiated when there are two dipoles, one rotati -
in each direction. More to the point, we conceive an idealize
source of two charge distributions; each like that on a loop, kt
rotating in opposite directions. This simple arrangement is n
the unique source, but provides a physical origin for backsci
tering with mixed polarization. However, such components m:
not be obvious by inspection of the charge distribution.

The charge distribution induced on the planar loop is qualit
tively the same at all frequencies. For trefoils it is often straigh
forward at low frequencies to extract the direction and motic
of the dipole moment. This is not the case at higher freque -
cies, as seen in Fig. 4. We have also observed cases in wt
what seems to be the motion of the charge distribution and
the dipole is inconsistent with the polarization of the backsce
tering. Here, examining the charge distribution is inadequate;
we calculate the electric dipole, the magnetic dipole, and ele
tric quadrupole.

IV. CALCULATION OF MULTIPOLES

We present briefly the equations for the electric dipole, ma -
netic dipole, and electric quadrupole moments [8] and for tt
scattering cross-section term from each. The latter are use
for evaluating the relative importance of the multipoles to the
general backscatte”ng cro_ss ;eCt'on' Fig. 4. Time sequence of induced charge distribution (left column) and

The electric and magnetic dipole momemgisindim, are de- incident field electric vector (dashed line, right column) and induced electric

fined as dipoles (solid lines, right column) for a large untrefoil when the charge
resembles a standing wave pattern.

three momentsp, m, andQ in the directionn. The backscat-
) tering cross section whel,,,. = Fi,.é9 becomes

Herex’ is the wire coordinatey the complex induced charge

distribution, andJ the complex induced istributi 7 (A & —f & 1| K. k2 (1o %A*
, plex induced current distribution —(f,&; -0, &) = —— & .p— — <_> é
with J(x,t) = Re{Jo(x)e *}. The vectorQ, = Qupns ds EZ,. [4meo 4w \ €0
with components in the backscattering directidrfrom the o 2
quadrupole moment tens@, 5 can be written as - (h x m) — 2;/“ & . Q)| (4)
TED
Q(n, 1) = 3/V, X x)o(x', 1) dx'. (3 wherek is the wavenumber andthe radial distance to the ob-

servation point along. The direction of the field from the elec-
Multipoles higher than the quadrupole are less physically inttric dipole is(fi x p) x 11, that from the magnetic dipolefsx m,
itive. For the multipole moments we derive snapshots in time aad that from the electric quadrupoleis (i1 x Q(11)). We use
previously foro(x, ). each term to estimate the importance of the moments’ relative
Rather than extrapolating the electric field, we calculate éontributions to the structure’s backscattering cross section and
explicitly for these induced moments. We approximate the fagffect on polarization. Examples of such backscattering cross
field electric fieldE,., by electric field vectors from each of thesections are given in Table I.
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TABLE |
BACKSCATTERING CROSSSECTIONS FORSMALL (kL = 0.01) AND LARGE (kL = 1.5) STRUCTURES FOR EACH STRUCTUREWE SHOW THE DIFFERENTIAL
BACKSCATTERING CROSSSECTION FOR THESTRUCTURE AND THEN THAT FROM EACH OF THE MOMENTS INDUCED ON THE STRUCTURE (ELECTRIC DIPOLE,
MAGNETIC DIPOLE, AND ELECTRIC QUADRUPOLE) FOR CO- AND CROSSPOLARIZATIONS. ALSO SHOWN IS THE PERCENTAGE DUE TOEACH
MOMENT. NUMBERS SMALLER THAN 10~1® HAVE BEEN REPLACED WITH ZERO

Backscattering (A) (B) ©) D)
Cross-Section Co-polarized % of total co- Cross-polarized % of total cross-
(1) small loop
total cross-section 0 100 2.6x10™ 100
electric dipole 0 100 2.6x10™ 100
" magnetic dipole 0 0 0 0
electric quadrupole 0 0 0 0
(2) large loop
total cross-section 0 100 2.2x10? 100
electric dipole 0 100 2.2x10™ 100
magnetic dipole 0 0 0 0
electric quadrupole 0 0 0 0
(3) small trefoil
total cross-section 0 100 1.7x10 100
electric dipole 0 99 1.7x10°% 99
magnetic dipole 0 0 0 0
electric quadrupole 0 0 0 0
(4) small untrefoil
total cross-section 24x10™ 100 1.8x107%° 100
electric dipole 23x10"* 96 1.8x10™° 99
magnetic dipole 0 0 0 0
electric quadrupole 0 0 0 0
(5) large trefoil
total cross-section 0 100 5.6x107 100
electric dipole 0 90 6.4x107 115
magnetic dipole 0 0 3.1x10° 0
electric quadrupole 0 0 3.7x10°° 0
(6) large untrefoil
total cross-section 3.2x10* 100 5.8x10” 100
electric dipole 9.7x10° 31 6.0x107 104
magnetic dipole 1.4x10°° 4 7.1x107 0
electric quadrupole 6.3x10° 20 1.4x10° 0

We find that the behavior of the electric fields radiated bgontribute copolarized radiation. For the cases considered: there
the moments always divides the structures into the same groigsften a magnitude difference between the electric fields from
that the backscattering polarization does: those with rotatioriaé three moments, so they contribute with different weights to
symmetry(N > 2) about the scattering axis and those withouthe backscattering cross section.

A. Trefoil: Symmetric Knot B. Untrefoil: Asymmetric Unknot

For the rotationally symmetric trefoil, the calculated electric The circularly polarized incident field also induces a rotating
dipole behaves like the dipole derived for the loop. It rotates cielectric dipole on the untrefoil, but this dipole traces an ellipse
cularly in the plane perpendiculario= —iyg, which is also the rather than a circle. The elliptical motion means that though the
axis of symmetry, and has the same rotational frequency as gegiod of rotation is the same as for the incident electric field
incident field. As described above, along the backscattering axector, the phase difference between the incident field electric
this dipole radiates an electric field which is circularly polarizediector and the induced dipole is sinusoidal, not constant, and its
In particular, it is purely cross polarized for the backscatterimrgagnitude varies sinusoidally. This dipole rotates in the plane
direction. perpendicular to the scattering direction. Since circularly ro-

The radiated electric fields are not as easily derived for thating dipoles are directly related to circular polarization, we use
magnetic dipole and electric quadrupole, so we calculate théinem rather than linearly oscillating components to decompose
directly rather than examining the moments. For each momettite elliptical dipole. This yields two circular dipoles of different
the electric field vector in the far zone is perpendiculaitand magnitudes rotating with opposite frequencies. The larger cir-
rotates circularly at the incident field frequency, qualitativelgular component rotates synchronously with the elliptical vector
like the electric dipole field. Therefore, the magnetic dipoland the smaller rotates counter to it. Each component radiates
and electric quadrupole also yield only cross-polarized radia-circularly polarized electric field. If the elliptical dipole ro-
tion in the backscatter direction. None of the three momertttes with the incident electric vector, the larger component will
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produce cross polarization, the smaller copolarization. This el-The electric fields of the first three moments all display the
liptical dipole contributes more to cross polarization. If it rosame general behavior, so we need only consider the electric
tates in the opposite direction, then the larger circular compdipole to obtain qualitative information about polarization. For
nent gives co-polarization and the smaller gives cross-polariz@me cases studied here, the electric dipole is also quantitatively
tion. Alternatively, one can directly calculate the electric fieldccurate, generally for small to moderate sizes. For all sizes of
from the dipole moment. This result is an elliptically rotatinghe planar loop studied here, the electric dipole accounts for
electric field vector that decomposes directly to both polarizaaost of the backscattering cross-section, as seen in Table I, the
tions. first two sections. (Again, the very small numbers indicate re-
Since there is a nonzero counter rotating component (absudts that should theoretically be zero, but numerical noise pre-
the noise), co-polarized backscattering exists. This gives sowasts this.) Here, the magnetic dipole and electric quadrupole
physical motivation for the presence of both polarizations ibackscattering cross-sections are insignificant.
backscattering from untrefoils. Unlike the planar loop unknot, For more complicated structures that are still electrically
these unknots bear an induced charge distribution whose dipsieall [Table I, section (3) and (4)], the backscattering cross-sec-
moment rotates elliptically. Extrapolating from the planar loogion from the induced electric dipole still represents a large
however, the source for the dipole and co-polarized backscpercentage of the structure’s backscattering cross section.
tering can be conceptualized as a counter-rotating charge didttbwever, the cross sections from the magnetic dipole and
bution. electric quadrupole rapidly grow with the size of the structure
As with the trefoil, we calculate the electric field for thein contrast to the loop case. Even with larger structures, the
magnetic dipole and electric quadrupole moments induced electric dipole rotation still correlates with the polarization,
the untrefoil. For both cases, as for the electric dipole, field$rcular rotation associated with cross-polarization, and ellip-
rotate elliptically with the same period as the incident electritcal with mixed polarization. As indicated by the percentages
field. These ellipses are in some cases highly eccentric; circuldable |, section (5) and (6)], the backscattering cross section
decomposition gives two counter-rotating components thean no longer be accounted for through the electric dipole by
are comparable in magnitude. This elliptical field containigself; the magnetic dipole and electric quadrupole become
both polarizations with similar weights. In many cases theportant, as well as other moments.
elliptical electric field vectors from these moments rotate with In summary, the field of the electric dipole illustrates a range
the opposite sense, contributing more co- than cross-polarizédehaviors sufficient to physically motivate the resulting po-
backscatter. larization of the backscatter. For symmetric objects, its elec-
tric field vector rotates circularly. For asymmetric objects it ro-
tates elliptically. This is true for all sizes of structures. The mo-
tion of the electric fields from the magnetic dipole and electric
The set of morphs includes knots that are topologically idequadrupole is consistent with this qualitative picture. For small
tical to trefoils. They are also geometrically similar, but they dstructures, the electric dipole is also quantitatively useful. For
not posses rotational symmetry. Included in this set are unkntsyer structures, the electric dipole is less dominant and the two
topologically equivalent to the untrefoil. These are geomettiigher moments become important, particularly for asymmetric
cally similar as well and are asymmetric. objects.
For all morphs, the electric dipole moment and the electric
fields from the magnetic dipole and electric quadrupole mo-
ments resemble those for the untrefoil. They all rotate ellipti-
cally and contribute to both polarizations in backscattering. Thiswe examine the differential backscattering cross section
holds whether the morph is topologically a trefoil or an untrérom knots and unknots. In cases with appreciable co- and
foil. The knotted morph scatters like the unknotted untrefoil anetoss-polarized cross sections, the structure is asymmetric and
the knotted trefoil like the unknotted loop. The defining charathe induced electric dipole moment has two counter-rotating
teristic is rotational symmetry. This clarifies the results for theircular components. When cross-polarization dominates
loop, trefoil, and untrefoil in terms of the effect of symmetrywith the co-polarized component in the numerical noise, the
and topology on the resulting backscattering polarizations asglucture is symmetric and the induced electric dipole has a
induced moments. single circular component rotating synchronously with the
We see that circularly polarized waves induce on symmettitcident electric field vector. The magnetic dipole and electric
objects an electric dipole moment that rotates circularly. Thgiadrupole moments radiate electric field vectors that display
magnetic dipole and electric quadrupole moments radiate fiellmilar behavior. Extrapolating from the circular loop, we
that also rotate circularly. On asymmetric objects, the sarsaggest a counter-rotating charge distribution as a canonical
waves induce an electric dipole moment that rotates ellipticallyhysical source for the counter-rotating moments.
Here, the electric fields from the magnetic dipole and electric The electric dipole is deterministic in the sense that its ro-
quadrupole rotate elliptically. Referring to only the simplegation correlates with the polarization of the backscatter, ellip-
level treated here, since the electric dipole moments indudéchl motion when the backscattered radiation is both co- and
on asymmetric structures contain counter-rotating componerasyss-polarized, and circular and synchronous when backscat-
we see that the scatterer's asymmetry changes the polarizatenng is purely cross-polarized. For small structures, the elec-
of the incident wave. tric dipole also dominates quantitatively; for larger ones, it does

C. Morph: Asymmetric Knots and Unknots

V. CONCLUSION
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not. However, the behavior of the electric fields from the mag{12] D. L. Jaggard and O. Manuar, “On knots and knotted media,” presented

netic dipole and the electric quadrupole does not add anything
qualitatively new to the electric dipole picture. Like the eIectric[13]
dipole, these other moments do not provide a complete picture
outside of the low frequencies. For simplicity and physical in-
sight, the electric dipole is the most useful moment. [
The examination of electric dipoles of the induced charge
distributions expands our physical understanding of backscat-
tering from trefoils and untrefoils. We pursue such conceptual-
ization with an eye toward future detection of and subsequemsns
understanding of differences in scattering from such knots a~—
unknots that exist in both nature and in man-made structur®
One possible reason for interest is the characterization of lar
molecules, particularly those with biological importance. Th
trefoil occurs naturally in long molecules, and specifically it
one of the most interesting biomolecules, DNA [9]-[11].
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